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Defined integral

x — cartesian coordinate ¢ — natural coordinate

F(_X') , X 4

\ x=a—)€=_1

/- x=b—&=1
//b f

» a »
a b X —1 1 §
normalization of the function F (x):
x@=2202 5 fo=F(Zt e dx=Cas

defined integral of the function F (x):
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Gaussian quadrature rule f(®

quadrature rule: /
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n — no. of sample points,

¢; — coordinates of sample points

w; — weight coefficients R,=0 =
R,, — rest of the sum

dgzn =

ar _ . 4f
dE_a 7 déz

2n=2—on=1

j (aé+p)dé =wy - f(&;) + 0 ; forone Gauss point: &=0,w; = 2

j (aE+PdE = wy - £(0)

for linear function f(§) =aé+f ; =0




Gaussian quadrature rule

polynomial functions:
2nd order: (&) = a§2+,6’€+7/, —2055 B ; dzf— 2a ; dS—f=0
d&2 d&3
2n=3—->n=15—-o-n=2
1 1
\/_§; §2=\/—§ ; wp=wp =1

[y @2apinds = wi-f (=g Jeowe £ (5) = F (-5 (3)

for two Gauss points: ;= —

3thorder: f(§) =aé>+ fE2+ ¥ +06 ; %=O — n =2 (2 points)

[, (a&3+p?+erd)ds =wy - f (- 2)rwe - £ (%) = F (- %)+ (%)




Gaussian quadrature rule

4thorder: f(§) =a€* + BE3 + yé2+ KX+ Z—Z=O

2n=5—->n=25—->n=3
for three Gauss points: & =—V0.6 ; &=0 ; &3=+0.6 ;
5
W1=W3=6 ,W2=6
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Gaussian quadrature rule for 2D FEs

n

J_11 j_llf(st;ﬂ) dédn = _[_11 (Z(Wi CF(Em)

i=1

j=1 j=1i=1

)dn=

= wy Y (we f(Eumy) = ZZ(WLWJ f(&om))
i=1

1 1
| 1 | £&mdgdn =wow, - £0,0) = 4£0,0)
—17J-1




Gaussian quadrature rule for 2D FEs
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Gaussian quadrature rule for 2D FEs

:ln=3:i $1=n1=-—V0.6 , $=n,=0 , $3=n3=v0.6
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Gaussian quadrature rule for 2D FEs

:n=3:: $1=n1=-—V0.6 , $=n,=0 , $3=n3=v0.6

5

8
=5 i w273

W1 =W3

J_ll J_llf (&,71) dédn =

=wiwy * f(ELM) Fwawy - f($2,m1) + wawy - f($3,m1) +
Fwiwy - f(&1,M2) + wawy - f($2,Mm2) + wawy - f($3,12) +
Fwyiws -+ f(§1,M3) + wows - f($2,m3) + waws - f($3,713) =

=22 f(—V0.6 ,—V0.6 )+, f(0,—V0.6 ) +22 (V0.6 ,—0.6 )+
+22 f(—V0.6 ,0) +22£(0,0) + 22 F(/0.6 ,0) +
+22 f(—V0.6 V0.6 ) +72£(0,¥0.6 ) +72f(V0.6 ,V0.6 )




Gaussian quadrature rule for 3D FEs
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Integration schemes for 2D finite elements

v
l_y 2D 3-node 6-node 4-node 8-node
Type of

integration

FULL 3 3 2 X 2 3 X3
REDUCED 1 1 1 2 X2
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Integration schemes for 3D finite elements

w
v 3D 4-node 10-node | 8-node |6-node| 20-node
u l—>
Type of
integration
FULL 4 11 2X2X%X213%X3 3X3X3
REDUCED 1 5 1 3X2| 2%X2X%X2
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